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Abstract. We show that horizontally symmetric water waves are 
traveling waves. The result is valid for the Euler equations, and is 
0^ ' based on a general principle that applies to a large class of nonlinear 

CD , partial differential equations, including some of the most famous 

model equations for water waves. A detailed analysis is given for 
weak solutions of the Camassa-Holm equation. In addition, we 
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jj^ ' establish the existence of nonsymmetric linear rotational waves for 
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the Euler equations. 



p , ■ 1. Introduction 

! This paper is devoted to the relation between symmetric and travel- 

ing water waves. The physical setting is that of two-dimensional surface 
gravity waves propagating in a perfect fluid over a flat bed (cf. [T9]). 
The fluid is this thus assumed to be inviscid with constant density, and 
the effects of surface tension are neglected. 

It is a striking fact that the traveling water waves known to exist 
are all symmetric (cf., e.g., PHEH]). Symmetry is moreover a priori 
guaranteed for large classes of traveling waves, including those with a 
monotone surface profile between troughs and crests [4j. This raises 
the intriguing question whether the classes of traveling and symmetric 
q ■ waves are identical. 

This investigation gives a partial and affirmative answer to that ques- 
tion: we show that any horizontally symmetric wave by necessity has 
to be a traveling, i.e. steady, wave. That means that the axis of sym- 
metry moves with constant speed, and that the shape of the surface 
remains unchanged. The result, which is based on a general principle, 
is valid under the assumption that the initial value problem admits 
a unique solution. It applies to a wide class of nonlinear differential 
equations, among them the Euler equations, the Korteweg-de Vries, 
the Camassa-Holm, the Degasperis-Procesi, and the Benjamin Bona 
Mahoney equations. 
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On the other hand, we also show that within the linear approxi- 
mation of the full water-wave problem, there do exist nonsymmetric 
traveling waves. The existence of steady nonsymmetric gravity waves 
for the full nonlinear problem has been a long-standing open problem. 
Although the waves we construct do not solve the full Euler equations, 
they point to the possible existence of their nonlinear counterparts. 
Thus, while the first result greatly strengthens the relation between 
symmetric and traveling water waves, the second one indicates that, 
after all, the two classes may not be identical. 

The paper has the following disposition. In Section [2] we prove the 
general principle, asserting that horizontally symmetric solutions to a 
large class of nonlinear evolution equations have to be traveling-wave 
solutions. For transparency, the proof is carried out for classical solu- 
tion. The same idea applies to many equations where it is of interest 
to consider also weak solutions. For example, to include the important 
class of multipeakon solutions for the Camassa-Holm equation [3j, one 
has to extend the solution space beyond differentiable functions. In 
Section [3] we therefore apply it to the Camassa-Holm equation, show- 
ing how to modify the argument to accommodate for weak solutions. 
Section H] contains the corresponding proof for the full Euler equations, 
assuming that we are in a setting with unique classical solutions. 

Finally, in Section [5] we discuss the possibility of nonsymmetric waves 
for the Euler equations by bifurcation from a nonsymmetric kernel. 
Some background on symmetry for exact water waves is given, and by 
means of inverse Sturm-Liouville theory, nonsymmetric solutions for 
the linearized Euler equations are constructed. 

2. A GENERAL PRINCIPLE 

The general principle that underlies the results in this paper is best 
studied in the general setting, assuming smooth solutions of the non- 
linear partial differential equation. 

Definition 2.1. A solution u is x -symmetric if there exists a function 
A G C 1 (M + ) such that for every t > 0, 

u(t,x) = u(t,2X(t) - x) 

for almost every iGK. We say that \{t) is the axis of symmetry. 

Next we show that for a general class of differential equations, x- 
symmetric waves are indeed traveling waves. 

Theorem 2.2. Let P be a polynomial. We consider the equation 

P(d x )u t = F(u) = F(u, d x u, . . . , <9», iieN, (2.1) 

and assume that this equation admits at most one classical solution 
u(t,x) for given initial data u(0,x). If P is even and F satisfies 

F(a Q , -a u a 2 , -a 3 , ■■■) = -F(a , a u a 2 , a 3 , • • • ) (2.2) 
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for all di G R, or if P is odd and F satisfies 

F(a , -at, a 2 , -a 3) • • • ) = F(a , a x , a 2 , a 3) • • • ) (2.3) 

/or a// Oj G R. t/ien any x- symmetric solution of (12.11) is a traveling 
wave solution. 

Remark 2.3. Property (|2.2I) can be rewritten as the following condition 
on F: 

F{u{-x)) = -F(u)(-x) (2.4) 

for all smooth functions u : R — > R and x G R, while property (12. 3B is 
equivalent to 

F(u(-x)) = P(u)(-x) (2.5) 

for all smooth functions w: R — > R and x G R. One can also check that 
P(d x ) satisfies ([231) if P is even and (El) if P is odd. 

Remark 2.4. We formulate and prove Theorem 12.21 for classical solu- 
tions, but whenever a weak formulation is available, a more technical 
argument is required. We illustrate this in the case of the Camassa- 
Holm equation in the next section, cf. Theorem 13.31 

Remark 2.5. Some equations that fulfill the formal requirements of 
Theorem 12.21 are the Korteweg-de Vries equation 

u t + u xxx + Quu x = 0, 

the Benjamin-Bona-Mahony equation, 

iH - u xxt + u x + uu x = 0, 

the Degasperis-Procesi equation, 

Uf ^xxt ^fc^x ~\~ AlUTIx ~~ ^^x^xx r ^ b< ^ b xxx') 

and the Kadomtsev-Petviashvili equation, 

1 

(2u t + 3uu x + -u xxx ) x + Uyy = 0. 

Proof. We pursue the proof for the case when P is even and F satis- 
fies (12.41) ; the proof of the other case is similar. Observe first that if 
u(t, x) — U(x — ct) is a traveling wave, then 

P{d x )d t u = P(d x )(-cd x U(x - ct)) = -cP(d x )(d x U)(x - ct) 

and 

F(u) = F(U(x - ct)) = F(U)(x - ct). 

Thus if u(t, x) is a solution, we find that U satisfies 

(P(d x )u t - F(u)) (t, x) = (- cP(d x )U x - F(U)) (x - ct) = 0. (2.6) 

Thus u is a traveling wave solution if and only if —cP(d x )(d x U) = 
F(U). 
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Let now u(t, x) = u(t,2X(t) — x) be an x-symmetric solution of 
P(d x )u t = F(u). Then 

= (P(d x )d t -F)(u(t,x)) 
= (P(d x )d t -F)(u(t,2X(t)-x)) 

= (p(d x )(u t + 2X(t)u x ) + F(u))\ {ttm) _^ 

where we have used the properties (12.41) and ( 1 2 . 5 [> for F and P(d x ), 
respectively. In view of the fact that x is arbitrary, we infer that 

P(d x )u t = F{u) = -P{d x ){u t + 2Xu x ), 

and hence 

F(u) = -XP(d x )u x . 

Fix a time to, and define c = A (to), and the function 

u(t, x) — u(to, x — c(t — to))- (2.7) 

Then u is a traveling wave solution since it satisfies equation (12.61) . and 
it coincides with u at (t ,x), that is, u(t ,x) = u(t ,x). From unique- 
ness with respect to initial data, it follows that u(t,x) = u(t,2X(t) — 
x) = u(to,x — c(t — to)) = u(t,x) for all t. Observe that we find the 
explicit expression u(t, x) — U(x — ct) with U(z) = u(to, z + cto). □ 



3. The Camassa-Holm equation 

The Camassa-Holm equation is given by 

(1 - dl)u t + 2ku x + u(l - d 2 x )u x + 2u x {l - d 2 x )u = 0. (3.1) 

This equation has been extensively studied due to its amazing proper- 
ties, suffice it to mention here that it is completely integrable with a 
Lax pair and infinitely many conserved quantities [23], and enjoys wave 
breaking in finite time [5]. The continuation of solutions past wave 
breaking has turned out to be subtle, and important non-uniqueness 
issues have to be addressed [U EJ [T6], [T7]. Furthermore, its precise 
meaning as a model for water waves has recently been clarified [8], and 
it has an interesting geometric interpretation [7]. 

An important class of solutions of the Camassa-Holm equation con- 
sists of multipeakons. These solutions can be written as a finite number 
of peakons, each behaving like ce~' x_ci ' close to the peak, and inter- 
acting in a particle-like fashion. Observe that multipeakons are not 
differentiable, and hence it is required to study weak solutions. 

Let R + := (0, oo). We use the following definition of weak solutions 
of the Camassa-Holm equation. 



SYMMETRIC WAVES ARE TRAVELING WAVES 5 

Definition 3.1. A function u(t,x) is a weak solution of the Camassa- 
Holm equation if u G C(M+, -ff 1 (M)) and 

u((l - «9> t + 2kcp x ) + u 2 - ^) + u 2 V 



X 



2 



dt dx = 0, 
(3.2) 

for all ip G C^{R+ x R). 

Remark 3.2. Since C^°(R+ x R) is dense in C 1 (M + , C 3 (M)), one can 
prove by a density argument that Definition 13.11 is unchanged if one 
only considers test functions in Cq(R + , Cq(R)). 

The Camassa-Holm equation is not well-posed in C([0, T], if 1 (IR)): 
Given T > 0, one can airways construct a solution u(t, x) and a se- 
quence of solutions u n (t, x) such that lim^oo u n (0, •) = u(0, •) in 
and \\u n — ^ll(7([o ri h 1 (r)) — 1- However, we have the following well- 
posedness results when considering particular cases of initial data: 

Case (i) If Uq G H s for s > 3/2 then there exists T > depending only 
on ||wo||#s such that there exists a unique solution u G C([0, T], H s ), 
cf. [28]. 

Case (ii) If uq G -fT 1 and wo — uq jXX is a positive Radon measure, then 
there exists a unique global solution, see [91 l3T]. 

In both cases one has to consider weak solutions. The first case excludes 
multipeakons as they satisfy u(t) G H s for s < 3/2, while the second 
case includes multipeakons of definite sign (that is, only peakons, no an- 
tipeakons). Using the bracket notation for distributions, (13.21) rewrites 
as 

(u, (1 - %)<p t + 2k Vx ) + (u\ ^ - ^) + (ul ^) = 0. (3.3) 

We are interested in the weak solutions of the Camassa-Holm equa- 
tion which are x-symmetric. For such solutions, the following theorem 
holds. 

Theorem 3.3. Let u be a weak solution of the Camassa-Holm equation 
with initial data such that the equation is locally well-posed (case (i) or 
(ii) above). If u is x-symmetric, then it is a traveling wave. 

The next lemma provides a sufficient condition on the initial condi- 
tions of the traveling waves. 

Lemma 3.4. If U E H\R) satisfies 

J (u{2k - c(l - <9 2 ))^ + U 2 - ^ xxx ) + \ul^ x ) dx = 0, (3.4) 

for all tp G Cq°(M), then u given by 

u(t,x) = U(x-c(t-t )) (3.5) 
is a weak solution of the Camassa-Holm equation, for any t G R. 
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Proof. We can assume without loss of generality that t — 0. By using 
the Fourier transform, it is immediate that the translation map a i— > 
U(x + a) is continuous R — > // 1 (R). Since 1 1— > c(t — 1 ) is real analytic, 
it thus follows that w as given by (I3.5P belongs to C(R, if^R)). 
For any function <p G C£°(R+ x R), we have that 

(u,<p) = (U,<p c ), (u 2 ,(p) = (U 2 ,(p c ) and (u 2 x , <p) = (U%,<p c ) 

where we denote 

(fi c = ip(t, x + ct). 
The following commutation identities 

(<fi c )t = (<ft)c + c(ip x ) c (3.6) 

and 

(<fic)x = {Vx)c (3.7) 

are easily seen to be valid. Let us check that ( 13. 2ft holds. By using 
( 13.61) and (13.71) . we obtain 

(u, (1 - d xx )d t ip + 2ktp x ) = (U, ((1 - d xx )d t ip + 2kip x ) c ) 

= (U, (1 - d xx )(d t ip c - cd x ip c ) + 2kd x <p c ) 

(3.8) 

and 

2 3(/9 x (Pxxx\ I 2 \ /rr2 / 3</?x ^fxxx \ \ /tt2 i^Px^ 



i o — ) + — ) = ' ( ~2 ^~ J ) + \ u *> 



c 



^^^^^^ 



2 

(3.9) 



Since £/ is independent of time, we obtain that 

(U, (1 - d xx )d t <fi c ) = U(x) d t (l - d xx )ip c dtdx 



U(x)[(l - d xx )ip c (T,x) - (1 - d xx )ip c (0,x)]dx 







for T large enough so that it does not belong to the support of <p c 
Collecting the above results, we find 

(«, (1 - + 2k Vx ) + <u 2 , ^ - ff-) + {ul ^) 

= (U, (1 - d xx )(d t ip c - cd x ip c ) + 2kd x (p c ) 

= (c;, (2* - c(i - a«))a^ c ) + {u 2 , ^ - S^£> + (ul ^) 
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U(x)(2k - c(l - d xx ))d x (p c (t, x) 



= 

by using (13 .4D with ip(x) = <p c (t, which, for each given t > 0, belongs 
to Cq°(]R). Hence, (13 .2\\ is satisfied and the lemma is proven. □ 



Remark 3.5. In a series of papers [2TI E2], [24] , Lenells has characterized 
the traveling wave solutions of some model equations, among them 
the Camassa-Holm equation. The solutions found include very exotic 
shapes, but when restricted to smooth solutions, the situation is clearer. 
In particular, the smooth solutions are all symmetric around the crest, 
wherefrom they decay either to the trough (in the periodic case), or 
to a flat profile at infinity (in the case of solitary waves). Though 
not stated as a result this is mentioned in passing in [22j p. 410]. It 
follows from the fact that, after integration, the steady solutions of the 
Camassa-Holm equation, (p(x), satisfy 

(p 2 (c — 2k — <p) + cup + b 

fx = , 

C — tf 

where a,6 e I are integration constants. As a consequence of this 
result, for smooth enough waves we obtain identity between traveling 
and symmetric waves for the Camassa-Holm equation. 

Proof of Theorem \3.3l We introduce the notation 

<fx(t,x) = <p(t,2X(t) - x) 

Consider test functions <p G Cq(M + , Cq(M)). As noted in Remark 
13.21 equation (13.31) remains valid for such test functions. The space 
Cq(R+, Cq(M)) is invariant under the transformation <p> i— >• ip\ because 
A G C 1 (R). This transformation is a bijection as we have ((v?)a)a = V 9 - 
If w is an x-symmetric solution of the Camassa-Holm equation, we have 
that 

(u,(p) = (u x ,<p) = (u,<px). 
Similar identities hold for u 2 and u 2 ,. Then, (13.31) implies that 

(u, ((l-d£)dt<p + 2kd x <p) x ) 

3d x <p d%(p\ y ( l 2 ( d x (p 



+ ^\-f- --r )r ( <\-T)i =o (xio) 

The following commutation rules, 

d t M = (d t ip) x -2X(d x ip) x (3.11) 

and 

d x (<p x ) = -(d x tp) x , (3.12) 
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hold, where A denotes the time derivative of A. By using (13.111) and 

< nrm (pnm yields 

(u, (1 - d 2 x )d t <p x - 2A(1 - d 2 x )d x tp x - 2kd x cp x ) 

+ <« a ,-^ + %> + «,-^> = 0. (3.13) 

Hence, by taking </? equal to y2 A in (13.131) . as (<^a)a = f, we obtain 

(u, (1 - 8%)dt<p - 2A(1 - d 2 )<9^ - 2^) 

+ (it 2 , + ±%<p) + (« 2 , -^) = 0. (3.14) 

After substracting (13 . 14f) from ( 13.31 ). we get 

(u, 2A(1 - d xx )d x if + Akd x (p) 

+ (w 2 , 3<9^ - d 3 x ip) + (ul d x ip) = 0. (3.15) 

We consider a fixed but arbitrary time to > 0. For any ijj G Cq°(R), 
let us consider the sequence of functions <p e (t,x) = ip(x)p £ {t) where 
p £ G Cq°(R + ) is a mollifier with the property that p £ tends to S(t — t ), 
the Dirac mass at t , when e tends to zero. From (|3.15l) . by using the 
test function <p e , we get 



2(1 - d xx )d x ifj / Xu(t,x)p £ (t) dt dx 
Jr+ J 

+ / I 4kd x ip / u(t, x)p £ {t) dt ) dx 



+ / (30^-3^) / n 2 (t,x)p £ (t)cit da; 



+ 



(3.16) 



+ / ( / ««(t,s)p e (*) dt) dx = 0. 

Since, by assumption, u G C(IR + , i/ 1 (M)), we have that 
lim / u(t, x)p £ (t) dt = u(to, x) 

£-»0 to, 



in L 2 (R) and 



and 



lim / w 2 (t, x)p £ {t) dt = u 2 (t , x) 
lim / u x (t, x)p e {t) dt — u x (to, x) 



in L 1 (IR). Therefore, by letting e tend to zero, (13.161) implies that 
u(t ,x) satisfies (13.41) for c = \(t ). Lemma l3~4l then implies that 
u(t,x) = u(t ,x — X(to)(t — to)) is a traveling wave solution of the 
Camassa-Holm equation. Since u and u coincide for t — to, we have, 
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by uniqueness of the solution, that u(t, x) = u(t,x) for all time t, and 
u is a traveling wave solution. □ 

4. The Euler equations 

In this section we prove that the assertion of Theorem 12.21 holds for 
the full water wave problem. For classical meaning of the analysis to 
come, let the functions u,v,P e C l {R + ,C 2 (R)) and rj e C\R + x E). 
The governing equations for a perfect fluid include the Euler equations, 

Ut + uu x + vu v = —P x , 
* (4.1) 
v t + uv x + Wy = -Py - g, 

together with the assumption of incompressibility, 

u x + v y = 0, (4.2) 

in the interior of the fluid domain. In addition we require that 

v = Vt + VxU, (4.3) 

P = P , (4.4) 

on the free surface y = r](t,x), and that 

v = (4.5) 

along the flat bed y = —d. In total those equations describe the gravity- 
governed motion of an incompressible fluid of constant density, propa- 
gating on a flat bed with no mixing of air and liquid (for more details, 
cf. p|). 

Theorem 4.1. Any horizontally symmetric solution of the exact water 
wave problem (14. II) -( 14751 ) constitutes a steady wave. 

Remark 4.2. The proof of Theorem 14.11 is carried out only for classical 
solutions as defined below, and for a particular setting of the Euler 
equatons. There is no doubt this can be generalized. As in the case 
of the Camassa-Holm equation, the proof relies upon well-posedness 
results, which — for the Euler equations — come in very many different 
forms. A pioneering paper in this area was [32] , written for deep-water 
waves. For two-dimensional finite-depth gravity waves, suitable results 
are [20] (irrotational waves) and [26] (rotational waves). 

In the setting of the Euler equations, symmetry has a somewhat 
extended meaning compared to the model equations. 

Definition 4.3. A solution (u,v,P,rj) is x-symmetric if there exists a 
function X G C 1 (IR + ) such that for every t > 0, 

u(t,x,y) = u(t,2X(t) - x,y), 

v(t,x,y) = -v(t,2\(t)-x,y), 

P(t,x,y) = P(t,2X(t)-x,y), ( ' } 

ri(t 7 x)=7i(t,2\(t)-x). 
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for almost every We say that X(t) is the axis of symmetry. 

Typically, model equations approximate either the free surface or the 
horizontal velocity along the surface (or at some fixed depth). There- 
fore, horizontal symmetry of the wave means evenness of the corre- 
sponding solution. Let us prove Theorem 14. 1L 

Proof of Theorem \4.1\ From (14.61) . we get 

u t (t, x, y) = u t (t, 2A(t) -x,y) + 2X(t)u x (t, 2X(t) -x,y), 
u x (t, x, y) = -u x (t, 2A(i) -x,y), (4.7) 
u y (t, x, y) = u y (t, 2A(t) -x,y), 
which implies that 

u t (t, 2\{t) -x,y) = u t (t, x, y) + 2X(t)u x (t, x, y). (4.8) 

If we start by considering the first Euler equation u t + uu x + vu y = —P Xl 
and evaluate it at the point (t, 2X(t) — x,y), and then use (|4.6l) - (l4.8j) 
as well as P x (t,x,y) = —P x (t,2\(t) — x,y) to return to the variables 
(t, x, y), we find 

u t + 2X(t)u x - uu x - vu y = P x , (4.9) 

all evaluated at the point (t, x, y). By subtracting u t + uu x + vu y = —P x 
at (t, x, y), we find 

(u - X(t))u x + vu y = -P x (4.10) 

evaluated at the point (t,x,y). By doing the same operations on the 
second Euler equation, we find 

(u - X(t))v x + vv y = -P y -g (4.11) 

at the point (t,x,y). For the boundary condition at y = r\ we find 

v(t, x, y) = (u(t, x, y) - X)r) x (t, x, y). (4.12) 

Fix a time to and define c = A (to)- Introduce functions 

u(x,y) = u(t ,x,y), 
v(x,y) = v(t ,x,y), 
P(x,y) = P(t ,x,y), 
fj(x) = rj(t ,x). 

By definition these functions satisfy 

(U - C)U X + VUy = -P x , 

(u — c)v x + vv v = —P v — q, 

V J y y y> _ ^_ 14 j 

v = {u — c)?7, P = Pq at y = rj, 
v = at y = —d. 
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Finally define the functions 

u(t, x, y) = u(x - c(t - t ),y), 
v(t,x,y) = v(x - c(t -t ),y), 

(4.15) 

P(t, x, y) = P(x - c(t - t ), 2/), 
fj(t,x) = fj(x - c(t - t )). 
By construction we have 

(u(t , x, y),v(to, x, y), P(t , x, y), fj(t , x)) 

= (u(t , x, y), v(to, x, y), P(t , x, y), 7?(* , a?)), (4.16) 

and u, v, P, fj will satisfy the Euler equations. By uniqueness of the so- 
lution of the Euler equations we conclude that (u, v, P, fj) = (u, v, P, -q) 
everywhere. □ 

5. Existence of nonsymmetric linear waves 

Do two-dimensional steady gravity water waves and two-dimensional 
symmetric gravity water waves constitute one and the same class? By 
studying the linear steady solutions we shall see that, for constant vor- 
ticity, there is a strong case for this notion. However, we also find that 
there exist flows of nonconstant vorticity for which the linear problem 
admits nonsymmetric solutions. 

We note that symmetry is a priori guaranteed for large classes of 
steady waves: irrotational periodic waves with a particular interior 
structure [30]; irrotational solitary waves [TT]; internal waves [25]; and 
a major class of rotational waves [6]. The latter results was recently 
extended to include waves of arbitrary vorticity either carrying internal 
structure |18| . or having a monotone surface profile between troughs 
and crests [1]. Similar results are available also in the case of infinite 
depth. 

For waves of small amplitude, the linearized steady Euler equations 
provide a good understanding of the exact waves. Indeed the exact 
steady waves found in [10] are, at least near the trivial flows, all per- 
turbations of linear waves, and their properties have been found to 
match very well those of their linear approximations [13J. 

In [H] the deduction for steady waves linearized around a laminar 
flow is presented. Let U(y) be a function describing the underlying 
current into which the wave propagates, that is, the profile {U(y) : < 
y < 1} is the velocity profile of a running stream with a flat surface. 
Then write a general solution of the steady Euler equations as a small 
perturbation of the running stream U(y): 

u = U + eu, v = ev, p — ep. 

By first inserting this into the steady Euler equations, and then letting 
e — » 0, we obtain the linearized system (where we have replaced u by 
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u, etc.) 

u x + v y = 0, (5.1a) 

(U - c)u x + vU y = -p x , (5.1b) 

(U-c)v x = -p y , (5.1c) 

valid for < y < 1, and 

v = (U — c)rj x , and p — rj, (5. Id) 
valid for y = 1. Moreover 

v = (5.1e) 

when y = 0. Here 77 is the disturbance of the nondimensionalized flat 
surface y — 1, and c is the group speed of the wave (the case when 
U = c admits only laminar flows). The disturbance of the surface 
should have a vanishing mean over each period, 

-L/2 

rj(x) dx = 0, (5.2a) 

-L/2 

L denoting wavelength, and u should have no component depending 
only on y, 

u(x,y)= / u x (£,y)d£, (5.2b) 
Jo 

or equivalently u(0, y) = 0, since that should be part of the background 
current U(y). For such linear solutions, the following result holds: 

Theorem 5.1. 

(i) If the background current U(y) is of constant vorticity, U" = 0. 
and different from the wave speed, U(y) 7^ c for all y G [0, 1]. 
then the linear problem admits only symmetric solutions. 

(ii) There exists an a.e. twice differentiable background current U{y), 
such that the the linearized problem has multiple solutions and, 
in particular, non-symmetric solutions. 

Remark 5.2. This has the following meaning for the full water wave 
problem: when the vorticity is constant, there are no asymmetric waves 
close to the trivial laminar solution. There exists, on the other hand, 
particular background currents that may allow for bifurcation from 
asymmetric kernels. Thus, one cannot at this point exclude the exis- 
tence of symmetry-breaking bifurcations. 

Proof of Theorem I5.il By taking the curl of the linearized Euler equa- 
tions, and by differentiating p = rj along the linearized surface y = 1, 
it is easy to see that 

(U - C) (V XX + Vyy) = UyyV, < JJ < 1 , 

(1 + (U - c)Uy)v = (U - c)\, y = l, (5.3) 

v = 0, y = 0. 
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The system (15.31) is equivalent to (15.11) in the sense that if (u, v,p, if) is a 
solution of the first system, then v fulfills (15.31) . and if v is a solution of 
(15.31) . then one can find (u,p, rf) such that (15 . ip holds. While for a given 
v, a solution u is only determined modulo functions /(y), and r\ up to 
a constant, the prescribed normalization ( 15 .2\\ leads to uniqueness. 

By rescaling in x, and letting a(y) = U"(y)/(U(y) — c), we may 
consider the system 

Av = a(y)v, < y < 1, 

liiv = n 2 Vy, y = 1, 

v = 0, y = 0, 

where /ii, /i 2 G M with (j% + /if ^ 0. 



Case (i). We have that a = 0, hence a G ^((0, 1)), for any (5 G 
(0,1). Then necessarily v G C 2,/3 (M x (0,1)) [H]. That guarantees 
that the subsequent analysis makes sense pointwise. A Fourier series 
expansion v = J2kez fk(y) exp(zfcc) leads to 

-fk + u(y)fk = Afe/fe, 

/ii/ fc (l)=/i 2 /fc(l), (5.4) 
/fc(0) = 0, 

with Afc = — k 2 . Then ( 15. 4p is a regular Sturm-Liouville problem, and 
according to standard theory [27] there exists a number Ao such that 
there are no eigenvalues < A . We find that fk(y) = smh(ky) are 
the only possible solutions of (15.41) . It is easy to see from the boundary 
conditions that there is at most one integer k admitting a solution, and 
this happens only if U satisfies 

(^'-^ M (5.5) 



(f/(l) - c)U'(l) 



for some k G Z. Since traveling waves are invariant under translations 
in x, there is no loss of generality in requiring that v(0, 1) = 0, meaning 
that at x = there is a crest or a trough. For running streams of con- 
stant vorticity the kernel of the linear problem thus is a one-dimensional 
family of solutions 

v(x, y) = sin(kx) sinh(%), 

where k is given by the dispersion relation (15.51) . It then follows from 
(15.11) that (u, p, t]) is an even function in x so that the wave is symmetric. 



Case (ii). Consider the system (15.41) . where a(y) is now unknown. 
We shall make use of the following result from inverse spectral theory. 
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Lemma 5.3. [1 2j Fix \ii ^ and G R. A sequence of real numbers 
{^k}k>o is the spectrum of a Sturm-Liouville problem (15.41) . for some 
a G L 2 ([0, 1]), if and only if Xk is an increasing sequence, and 

X k = n 2 + C + r k , 

for some C G R, {r k } k > G l 2 (R). 

We may thus first fix /ii G JR., Hi > 0, and a finite N > 2. By 
choosing C — 0, and 

-(A; + |)V, k = 0,l,...,N, 

k > N + 1, 

in Lemma 15.31 we obtain = — fc 2 for = 0,1 ... ,N, and conclude 
that for any finite number of fc's there is a function a(y), and nontrivial 
functions fk(y), satisfying <\5A\\ (since N is a finite number, there is no 
problem rearranging the first N eigenvalues in increasing order). By 
defining a real function v as a linear combination of such, we obtain 
that 

N 

v(x,y) = 1 ^2f k (y)(a k sm(kx) + b k cos(kx)), (5.6) 

k=0 

where N is always finite. The a.e. twice differentiable function v is 
then a solution of (15.41) in the weak sense (it satisfies the equations 
pointwise a.e ). 

Furthermore, by solving the second order differential equation 
U"(y) = a(y)(U(y)-c), 
with initial value conditions 

U{1)= and U'(l)=^ 



>lii 

we recover the background current U(y). Let x = be the position 
of a crest or trough. It means that we impose v(0, 1) = 0, which is 
equivalent to 

N 

J] = 0. (5.7) 

fc=0 

If the solution is symmetric, then we have v(x,y) = —v(—x,y), that is, 
for the solution of the form (15.61) that we are considering, 

N 

J2fk(y)b k cos{kx)=0 (5.8) 

k=0 

for all x G M and almost all y G [0, 1]. Since the function f k form a basis, 
( 15.81) implies that b k cos(kx) = for all x, which in turn implies that 
b k = 0. For N > 2, it is clear that there exist b k s which satisfy (15 .71) 
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and which are not all equal to zero and, for those b^, the solution is not 
symmetric. Hence there exist asymmetric solutions of the linearized 
Euler equations. □ 
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